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TECHNICAL MEMORANDUM X-53644 

AN ALGORITHM FOR THE DETERMINATION OF THE 

DEFINITENESS OF A REAL SQUARE MATRIX 

SUMMARY 

An algori thm i s  descr ibed whereby the  d e f i n i t e n e s s  proper ty  of a 
r e a l  square mat r ix  may be e a s i l y  computed. The technique is based on 
we l l  known theorems o f  mat r ix  a lgebra which have been modiffed s l i g h t l y  
t o  permit  easy manual o r  machine computation. 

A FORTRAN program using the  algorithm was w r i t t e n  and was run  on 
both the  IBM 1130 and the  SDS 930 d i g i t a l  computers. The computation 
time f o r  a 7 x 7 matr ix  was approximately one second on the  T.BM 1130 
and much less than  one second on the SDS 930. 

I. INTRODUCTION 

Many engineer ing problems r equ i r e  t h e  de te rmina t ion  o f  t h a t  pro- 
p e r t y  of  a r e a l  square mat r ix  known a s  i t s  d e f i n i t e n e s s .  Such problems 
inc lude  Lyapunov s t a b i l i t y  theory i n  which the  d e f i n i t e n e s s  o f  both the  
V func t ion  and i ts  time d e r i v a t i v e  are requ i r ed ,  t h e  de te rmina t ion  of 
t h e  p o s i t i v e  d e f i n i t e n e s s  of  t h e  s o l u t i o n  o f  t he  matrix R i c c a t i  equa t ion  
from opt imal  con t ro l  theory,  and the de te rmina t ion  of the  d e f i n i t e n e s s  
of network func t ions  i n  t h e  realm of network synthes is .  

The d e f i n i t e n e s s  proper ty  of a r e a l  square ma t r ix  i s  a c t u a l l y  a 
proper ty  of  t he  a s soc ia t ed  quadra t ic  form; however, as the  quadra t i c  
form is  uniquely s p e c i f i e d  by the  matr ix ,  we a s c r i b e  d e f i n i t e n e s s  t o  
e i t h e r  t h e  form o r  t h e  matr ix .  

Most o f t e n  w e  f i nd  the  necessary and s u f f i c i e n t  condi t ions  f o r  t h e  
va r ious  c l a s s e s  of d e f i n i t e n e s s  to  be s t a t e d  as follows: 

(1) A mat r ix  i s  p o s i t i v e  d e f i n i t e  i f  and only  i f  a l l  of i t s  
l ead ing  p r i n c i p a l  minors a r e  pos i t i ve .  

(2) A mat r ix  i s  p o s i t i v e  semi -de f in i t e  i f  and only i f  a l l  of 
i t s  p r i n c i p a l  minors a r e  non-negative. 



(3)  A matr ix  i s  negat ive d e f i n i t e  i f  and only i f  a l l  of i t s  
leading p r inc ipa l  minors a r e  non-zero and a l t e r n a t e  i n  s i g n ,  the f i r s t  
o rde r  minor being negative.  A l t e r n a t i v e l y ,  a matr ix  i s  negat ive d e f i n i t e  
i f  the negative of the matr ix  i s  p o s i t i v e  d e f i n i t e .  

( 4 )  A mat r ix  i s  negat ive semi-def ini te  i f  and only i f  a l l  
p r i n c i p a l  minors which a r e  non-zero a l t e r n a t e  i n  s ign ;  i . e . ,  t he  f i r s t  
o rde r  minors a r e  a l l  negat ive,  t he  second o rde r  minors a r e  a l l  p o s i t i v e ,  
e t c .  A l t e rna t ive ly ,  a matr ix  i s  negat ive semi -de f in i t e  i f  t he  negat ive 
of the matrix i s  p o s i t i v e  semi -de f in i t e .  

(5) A matr ix  which does not belong t o  one of t he  above c a t e -  
g o r i e s  is  c a l l e d  i n d e f i n i t e .  

W e  propose t h a t  a computationally more usable d e f i n i t i o n  i s  based on 
the d e f i n i t e n e s s  of a diagonal matr ix  congruent t o  the symmetric equiva- 
l e n t  o f  the o r i g i n a l  matr ix .  The computation necessary t o  determine the 
congruent form is approximately the same as t h a t  required t o  eva lua te  a 
determinant of order  equal t o  the rank of t he  o r i g i n a l  matr ix .  Once 
t h e  diagonal matr ix  i s  computed, t he  d e f i n i t e n e s s  property i s  a sce r t a ined  
by inspect ion of t he  s igns  of the diagonal terms. 

The remainder of t h i s  paper i s  divided i n t o  th ree  major s e c t i o n s .  
The f i r s t  s e c t i o n  i s  a non-formal proof of the technique used, the 
second descr ibes  the computational a lgori thm, and the l a s t  s e c t i o n  i s  
an appendix which includes a worked example and a FORTRAN program 
w r i t t e n  for the SDS 930 d i g i t a l  computer. The FORTRAN program w i l l  
determine the d e f i n i t e n e s s  of any r e a l  square matr ix  up t o  o rde r  
10 x 10 as p re sen t ly  w r i t t e n  and may be e a s i l y  converted i n t o  a sub- 
r o u t i n e  for use wi th  o t h e r  programs. 

11. PROOF OF THE TECHNIQUE 

We wish t o  show t h a t ,  given any r e a l  square symmetric ma t r ix  A 
having a quadrat ic  form defined by 

n n  
VT- 

where 

- x i s  an n th  o rde r  column v e c t o r  of v a r i a b l e s  

- A i s  an n x n  r e a l  square symmetric matr ix .  
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we may determine a diagonal m a t r i x  I), r e l a t e d  t o  4 by a non-singular 
t ransformation,  which has a quadrat ic  form covering the same range of 
va lues .  This ma t r ix  w i l l  be shown t o  be unique and t o  have the  form 

D =  - 

I I 

I I 
0 0 0 -(n-r) x ql  -(n-r) x (r-q) I -(n-r) x (n-r)  

where 

n is the  order  of the matrix A 

r is the  rank of the  matrix A 
q is the  index of the matrix 4 
I is a q x q i d e n t i t y  matrix 
-3 
I is a n  ( r  - q)  x (r - q) i d e n t i t y  ma t r ix  
7 - q  
0 is a n  i x j n u l l  matrix. -i x j  

We may then examine the quadrat ic  form of which appears as 

n n  
FF 

f o r  i t s  d e f i n i t e n e s s  in s t ead  of equation (1). The d e f i n i t e n e s s  of (3) 
i s  r e a d i l y  determined by inspection. We f i r s t  expand (3) i n t o  

3 



We may now s e e  t h a t  t he  following condi t ions a r e  t r u e :  

(1) QYc is p o s i t i v e  d e f i n i t e  i f  and only i f  q = r = n. 

(2)  QY; is p o s i t i v e  semi -de f in i t e  i f  and only i f  q = r < n. 

(3 )  QJC is nega t ive  d e f i n i t e  i f  and only i f  q = 0 and r = n. 

( 4 )  Q7k is negat ive semi -de f in i t e  i f  and only i f  q = 0 and r < n. 

(5) Q" is i n d e f i n i t e  i f  q # 0 and q # r .  

Now s ince  the  form of ( 4 )  covers the same range of values  as that 
of ( l ) ,  the s ta tements  as t o  the  d e f i n i t e n e s s  of ( 4 )  hold a l s o  f o r  (1). 

Our problem now becomes one of showing t h a t  such a 2 mat r ix  e x i s t s  
f o r  a l l  real square A mat r i ces  and t h a t  i t  is  unique; i . e .  , q and r are 
unique. To do this  we w i l l  d iv ide  our proof i n t o  four  pa r t s .  I n  the  
f i r s t  we w i l l  show t h a t  t he  q u a d r a t i c  forms of two ma t r i ces  r e l a t e d  by 
a non-singular t ransformation cover the same range of va lues .  Next we 
show that t h e  q u a d r a t i c  form of any r e a l  square ma t r ix  may be considered 
t o  be the  quadra t i c  form of a r e a l  symmetric ma t r ix  of t he  same o rde r ,  
and thus ,  without  l o s s  of g e n e r a l i t y ,  we may consider  our matrix t o  
be symmetric i n  a l l  cases .  I n  the t h i r d  p a r t  w e  w i l l  show that ,  given 
a symmetric ma t r ix  A, we may always f ind  the diagonal  form of equat ion 
( 2 )  by a non-singular t ransformation on A_, e .g . ,  2 = 1' A 1 where P is 
non-singular and ' denotes the t ranspose.  F i n a l l y ,  we prove t h a t  t h e  
- D s o  obtained is  unique. 

A .  Quadratic Forms of Matrices Related by 
Non-Singular Transformations 

I n  th i s  s e c t i o n  we wish t o  show t h a t  two matr ices  r e l a t e d  by a 
non-s ingular t ransformation of the  form 

where i s  a n  n x n non-singular matrix, have q u a d r a t i c  forms covering 
the  same range of va lues .  We f i r s t  consider t he  q u a d r a t i c  form of A ,  

4 



Next, consider  t he  following v a r i a b l e  transformation: 

c x = p y  

d e r  e 

- P is a n  n x n non-singular matrix. 

S u b s t i t u t i o n  of (7) i n t o  ( 6 )  y ie lds  

which by (5) is the  quadra t i c  form of - B: 

Now, f o r  any y y ie ld ing  a value of Q = Q1 i n  (9), we may o b t a i n  a 
unique ~f from (7) y ie ld ing  t h e  same va lue  of Q = QL from ( 6 ) .  
fo re ,  t h e  q u a d r a t i c  forms of two matrices which are r e l a t e d  by the 
t ransformation of (5) cover i d e n t i c a l  ranges.  

There- 

B. Equivalent Synanetric Matrix 

I n  t h i s  s e c t i o n  we show that the q u a d r a t i c  form of any real  square 
matrix,A&ay be considered t o  be the q u a d r a t i c  form of a real symmetric 
m a t r i x  g r e l a t e d  t o  A, by 

where 

- S is a symmetric ma t r ix  of n t h  order .  

Equation (10) may also be w r i t t e n  

1 
(Sij) = (aij + a . . ) ,  

3 1  
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where 

i s  a n  element of 3 

i s  a n  element of A. 
' ij 

a i j  

Consider the quadra t i c  form of A .  - 

We may wri t e  t h i s  as 

It i s  merely a mat te r  of no ta t ion  t-0 interchange the  s u b s c r i p t s  of 
the  second term on the  right-hand s i d e  of (13) t o  o b t a i n  

which is  the same as 

o r  

6 



. 

S u b s t i t u t i o n  of '(11) i n t o  (16) y i e l d s  

n n  
V T - l  

Q =z Z S i j  xi x j .  

i-1 j=l 

Therefore,  the q u a d r a t i c  forms of (12)  and (17) are i d e n t i c a l .  
Considering t h i s ,  we s e e  t h a t  we may always assume our & m a t r i x  t o  be 
symmetric without  l o s s  of gene ra l i t y .  
developed i n  the  following sec t ions  t o  a non-symmetric ma t r ix ,  we simply 
o b t a i n  the equ iva len t  symmetric form by equat ion (10) and proceed. 

I f  we wish t o  apply the techniques 

C. Determination of Diagonal MatrFx 2 

Now, we wish t o  show t h a t ,  given a symmetric matrix A, we may 
always o b t a i n  a diagonal m a t r i x  as defined by equat ion (2) through 
a non-s ingu la r  transformation. 

In cons t ruc t ing  our proof ,  we shall r e q u i r e  use of t he  following 
t h r e e  elementary operat ions:  

(1) interchange of two columns (rows), 

(2) m u l t i p l i c a t i o n  of a column (row) by a cons t an t ,  

(3) m u l t i p l i c a t i o n  of a column (row) by a cons t an t  followed 
by a d d i t i o n  of that column (row) t o  another  column (row). 

The column operat ions may be performed by postmult iplying the 
ma t r ix  4 by one of t he  following defined elementary t ransformation 
matr ices:  

i 

E1 = 

j 

, d e t  El = -1 

(equation (18) continued on next  page) 
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- - - - - - - - - - - - - -  
I I I 

I e i j  I 
i - - - - - - - - - - - - - -  

I I I I 

I I 1 - 1  I E -  -3 - 

i i 

, d e t  $ = 1. 

kk d e t  E2 = e 

Pos tmul t ip l ica t ion  of A by one of the elementary t ransformat ion  
mat r ices  performs a column opera t ion ,  while  p remul t ip l i ca t ion  of A by 
the  transpose of t he  elementary t ransformation mat r ix  r e s u l t s  i n  t h e  
equiva len t  row operat ion.  A l l  of these  t ransformat ion  mat r ixes  a r e  
obviously non-singular,  and any mat r ix  formed from a product of such 
non-singular mat r ices  i s  a l s o  non-singular .  T h a t  is  , t h e  determinant  
of such a product i s  equal t o  the  product of t he  determinants  which, 
being non-zero, i n d i c a t e s  t h a t  the  product mat r ix  i s  non-singular .  

We w i l l  now show t h a t  a symmetric ma t r ix  A may be reduced t o  the  
form of 2. 
element. This element i s  moved t o  the  a l l  l o c a t i o n  by a column i n t e r -  
change and a row interchange.  Of course,  i f  t h e  a l l  l o c a t i o n  is non-zero 
i n i t i a l l y ,  the row and column interchanges are unnecessary.  We next  
mul t ip ly  column one and row one by l/m. This ope ra t ion  r e s u l t s  i n  
a plus  one or a minus one i n  the  all  l oca t ion .  I f  the  f i r s t  row is next  
mul t ip l i ed  by - a 2 , / + G  and added t o  the  second, we may ob ta in  a zero  
i n  the  aEl loca t ion .  S imi l a r ly ,  m u l t i p l i c a t i o n  of the  f i r s t  column by 
the  same value and a d d i t i o n  of t h i s  column t o  the  second r e s u l t s  i n  a 
zero i n  t h e  a12 loca t ion .  Proceeding i n  a s imi la r  f a sh ion ,  we may zero  
a l l  of t he  elements of the  f i r s t  row and of the  f i r s t  column except  f o r  
t he  all loca t ion  which remains a t  plus  o r  minus one. Our ma t r ix  is now 
of  the  form 

Consider f i r s t  that the  mat r ix  A - has a non-zero diagonal  

8 
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where g is the  product of the  required elementary t ransformation matr ices  
and C is an (n - 1) x (n - 1 )  reduced matr ix .  

The procedure out l ined  above may be repeated t o  reduce C, and so 
on, u n t i l  a diagonal form is a t t a ined .  

A d i f f i c u l t y  which may be encountered i n  t h i s  process is the  case 
where a l l  diagonal  elements are zero a t  some po in t  i n  the  reduct ion ,  
bu t  t he re  are non-zero off-diagonal elements. 
i n  the following manner. 
is found a t  a i  . Of course,  s ince  t h e  mat r ix  is synunetric, t he re  w i l l  

then  add row j t o  row i t o  form a main diagonal  element a t  a i j  which 
has the  va lue  a i j  + aj! = 2aij. This 
is the  technique used i n  the  program as w r i t t e n  so that a form as 
defined by (2) is obtained. It may be ahown that a mat r ix  having a n  
element a t  a i j  but  no element a t  a j j  is i n d e f i n i t e .  
i f  we assume that we s e t  a l l  of the elements of 5 equal t o  zero except 
f o r  X i  and x j .  

This case may be handled 
Assume that a non-zero off-diagonal  element 

be an  i d e n t i c a  i element a t  aj i .  We may add column j t o  column i and 

We may now proceed as before .  

This may be seen 

The quadra t i c  form w i l l  become 

Q = a x? + 2aij  x x 
ii 1 i j  

f r m  which i t  is obvious that given any x i  we may always choose a value 
of x j  t o  make Q e i t h e r  p o s i t i v e  or nega t ive  as we wish. 
we encounter t h i s  c h a r a c t e r i s t i c  a t  any po in t  i n  the  reduct ion  the  
ma t r ix  is i n d e f i n i t e .  

Therefore,  i f  

I n  case we f ind  no diagonal nor off-diagonal  non-zero elements, 
our procedure is terminated as  we have obtained the  des i red  congruent 
f o m .  

9 
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From the foregoing d i scuss ion ,  we can s e e  t h a t  a diagonal  form s o  
defined by ( 2 )  may be obtained f o r  a l l  cases .  We must next determine 
whether or  n o t  t he  form so  a t t a ined ,  is unique; t h a t  i s ,  does i t  have 
the  same rank and index r ega rd le s s  of the  sequence of elementary opera- 
t i o n s  used. We w i l l  consider t h i s  problem i n  two p a r t s .  F i r s t  we w i l l  
show t h a t  the rank s o  a t t a i n e d  i s  unique and second t h a t  the  index is 
a l s o  unique. 

D .  Proof of t he  Uniqueness of 2 

We next show t h a t  the  rank of i s  equal t o  the  rank of A under 
the  congruent t ransformation = E' & E. Let  the  ma t r ix  A be w r i t t e n  

A = lal a 2  ... ar(cl la l  + czlaz + ... c a r i  r ... - 

a l  + c a z  + ... + c a ) I  (21) 
a * *  ( C i ( n - r >  2(n- r )  r ( n - r )  r 

where ai i s  one of r independent columns of A_ and the  C i j ' S  a r e  p con- 
s t a n t s  used t o  form the remaining (n - r )  dependent columns of 11. 

Consider the  product,  

10 



where the  P i ' s  a r e  columns of E. 
r i g h t  our mat r ix  becomes 

Expanding the  n - r columns on t h e  

B =  

*,,a+ *,,a,+. - ' *,tar> c11 - , P a l >  + c21 Qnra,+. +. - .+ cr1<Pn,ar> 

... c Q, , a l > +  c ~ - ~ Q  , a $ +  ...+ c <Pn,ar> m-r n n rn- r  

from which i t  is obvious that the  rank of p' A, is a t  most r ,  the  rank 
of A,. 

Now, s i n c e  p' is non-singular,  we may w r i t e  

-1 
A, = p' E, 

where 

B = E' A,. 

Following the  procedure out l ined above, we can s e e  that t h e  rank 
of 9 is  a t  most that of 2 and thus the  rank of 3 must  equal that of A. 

The same procedure may a l s o  be followed t o  show that the  product 
P' A P = e' A,) p = 2 J1 has the  rank of 2 o r ,  from our previous proof ,  
' f h e r z n k  of A. 

11 



To conclude the  proof o f  uniqueness, we need t o  show t h a t  t he  index 
of D is  unique r ega rd le s s  of the sequence of elementary t ransformations 
used t o  ob ta in  E. 
y ie ld ing  two ma t r i ces ,  Dl and I&, having the  same rank b u t  d i f f e r e n t  
i nd ices ,  T h a t  i s ,  

Consider that  the re  are two t ransformations on A 

and 

where and are non-singular t ransformation ma t r i ces .  

Now l e t  

and 

For the f i r s t  case  our q u a d r a t i c  form becomes 

and f o r  the  second i t  becomes 

We w i l l  a s sume  that the  index of Ill is equal t o  q and t h a t  t he  index of 
D2 is equal t o  p and q # p .  Our q u a d r a t i c  forms given by ( 2 7 )  and (28) 
k y  be r ewr i t t en  as 

2 2 2 2 2 

- 'r 4 = Y 1 +  Y 2  + ... + Yq - Yq+l - * * *  

1 2  



and 

2 Q 21 

It is simply a 
w r i t e  the following 

2 
2 -  ... - 2 . + 2 2  + ... + z2 - 2 2 

P P+1 r 

matter of no ta t ion  t o  assume that q < p. 
homogeneous s e t  of equations: 

We now 

= o  i = 1,2, ..., q 

= o  j = p + 1, ..., n . (31) 

W e  have a set  of q + n - p < n equations i n  n unknown x i ' s ,  and thus a 
n o n - t r i v i a l  s o l u t i o n  e x i s t s .  
We may a l s o  compute 

That is, 5 = e # 0 is a s o l u t i o n  of (31). 

Fram ( 2 9 )  and (31) Q S 0 b u t  from (30) and (31) Q 2 0 and thus 
Q = 0. Observing (27) and (28), we s e e  that t h i s  is only poss ib l e  i f  
yk = z* = 0 ,  bu t  from (32) and the f a c t  that a n o n - t r i v i a l  s o l u t i o n  to 
(31) e x i s t s ,  we see  t h a t  t h i s  is not the case. 

The foregoing con t r ad ic t ions  a r i s e  from our assumption that p < q 
and s i n c e  we a r r i v e  a t  the same cont rad ic t ions  i f  we assume q < p, we 
see  that p = q and g1 = &. Therefore, our congruent form is unique, 
and the  sequence of a p p l i c a t i o n  of elementary t ransform pairs is  
inunaterial. 

111. COMPUTATIONAL ALGORITHM 

The congruent diagonal m a t r i x  g may be computed without  developing 
the  t ransformat ion  mat r ices  d i r e c t l y .  The procedure used w i l l  be the 
f ol lowing : 

S t e p  1. We form the  equivalent  symmetric ma t r ix  from our 
given mat r ix  using the a lgor i thm 

13 



s =  
i j  

where Sij is an element of 

- 1 (a i j  + a j i ) ,  
2 ( 3 3 )  

t he  symmetrized matr ix .  

NOTE: I n  the  remainder of the a lgo r i thm elements of a l l  
matrices w i l l  be  r e f e r r e d  t o  by a i j  r a t h e r  than S i j .  

Step 2. The main diagonal  i s  searched f o r  the element w i th  
the  l a r g e s t  magnitude. This element i s  moved t o  the  a,, l o c a t i o n  by 
a row and column interchange.  We work wi th  the  l a r g e s t  element t o  
reduce a s  much as poss ib l e  numerical computational e r r o r s .  I f  a main 
diagonal  element is  zero,  then  off-diagonal  l oca t ions  a r e  searched f o r  
a non-zero element. I f  we do f ind  a non-zero element, then the  ma t r ix  
is i n d e f i n i t e  as w a s  shown previous ly ;  however, we cont inue t o  ob ta in  
t h e  matr ix  2. Let  u s  assume that the non-zero element is loca ted  a t  
a i j ;  then, we a d d  column j t o  column i and row j t o  row i t o  form a 
non-zero aii = 2aij. 

If a l l  main diagonal  elements a r e  zero  and a l l  of f -d iagonal  
elements a r e  a l s o  zero,  then we have obtained the  d e s i r e d  form of 2 
and the  procedure i s  ha l t ed .  

Assuming t h a t  a non-zero a l l  has been obtained,  w e  d iv ide  the 
f i r s t  row by the  magnitude of t h a t  element;  i . e . ,  

j = 1, ..., n. ( 3 4 )  

S t e p  3 .  Next, we apply the  fol lowing a lgor i thm t o  the  remain- 
ing n - 1 rows: 

( 3 5 )  a = a  - a  * a l l - a  i = 2 ,  ..., n 

j = 1, ..., i. i j  i j  ii l j  

This zeroes a l l  of the  f i r s t  column except  f o r  a l l  which remains tl and 
modif ies  the  remainder of the  lower t r i a n g u l a r  po r t ion  of the  mat r ix .  

S t e p  4 .  The mat r ix  i s  next  resymmetrized by applying the  
f o l  1 owing : 

a = a  i = 1, ..., n - 1 ( 3 6 )  i j  j i  
j = i + 1 ,  ..., n. 
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. 

The preceding four  s t e p s  are  equivalent  t o  applying s e v e r a l  elemen- 
t a r y  t ransformations,  and a t  t he  end we are l e f t  w i th  a ma t r ix  such as 
that of (19). 

Next, we r ecyc le  through s t e p s  2, 3, and 4 as appl ied t o  the  reduced 
m a t r i x  (c of equat ion (19)). The process is continued u n t i l  t he  ma t r ix  
- D is obtained. 
grouped toge the r  and a l l  of the -1's grouped together  as ind ica t ed  by 
(2), b u t  t h i s ,  while  unnecessary, could be a f f e c t e d  by row-row and 
column-column interchanges.  

Our ma t r ix  Q w i l l  not n e c e s s a r i l y  have a l l  of t he  +l 's 

Step 5. The f i n a l  procedure is t o  sea rch  the main diagonal of 
- D ,  counting t h e  number of +Its and the number of -1's. 
r u l e s  are then appl ied t o  ob ta in  the d e f i n i t e n e s s  of the ma t r ix  D and, 
through i t ,  the  d e f i n i t e n e s s  of the ma t r ix  A. 

The following 
- 

I f  t he  number of +l 's is equal t o  the  o rde r ,  n, of 
- A, then the matrix is  p o s i t i v e  d e f i n i t e .  

I f  the number of +l 's is  l e s s  than the  o rde r ,  n, and 
the re  a r e  no - l 's ,  then the  matr ix  i s  p o s i t i v e  s e m i -  
d e f i n i t e .  This a l s o  includes the  case where t h e r e  
are no +l's. 

I f  t he  number of -1's is equal t o  t h e  o rde r ,  n, of A 
then t h e  ma t r ix  is negat ive d e f i n i t e .  

If t he  number of -1's is l e s s  than the o rde r ,  n ,  and 
the re  a r e  no +l ' s ,  then the ma t r ix  is negat ive s e m i -  
d e f i n i t e .  

I f  t h e r e  are both +l's and -1's p resen t ,  then the ma t r ix  
is i n d e f i n i t e .  

I V .  CONCLUSIONS 

1. 
ness of a real square matr ix .  While t h e  theorems of ma t r ix  a lgeb ra  used 
i n  the proof are no t  new, i t  is believed that the means of obtaining the 
m a t r i x  computationally i s  new and that the technique o f f e r s  s i g n i f i c a n t  
advantages over the commonly used d e f i n i t i o n  of d e f i n i t e n e s s  as was  given 
i n  t h e  in t roduc t ion  t o  t h i s  pape r .  

We have proven an algorithm f o r  t he  computation of t he  d e f i n i t e -  

2. The algori thm described above has been programmed i n  FORTRAN 
(see appendix B) and run on both the SDS 930 and the IBM 1130 computer. 

A seven-by-seven p o s i t i v e  d e f i n i t e  matr ix  was run on each machine 
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(a  d e f i n i t e  m a t r i x  w a s  used because t h i s  r equ i r ed  the  maximum computa- 
t i o n  f o r  a given ma t r ix  s i z e ) .  On the  IBM 1130, the  computation time 
w a s  approximately one gecond, while on the SDS 930, the  output  r a n  a t  
t he  maximum p r i n t e r  speed of 640 l i n e s  p e r  minute,  and thus no computa- 
t i o n  times could be measured. However, the time w a s  much less than 
one second. 

3. Since th i s  technique r equ i r e s  computation roughly equ iva len t  
t o  t h a t  of eva lua t ing  a determinant equal t o  the  rank of t he  ma t r ix ,  i t  
should be much fas ter  than any procedure based on success ive  computation 
of minors. 

4 .  I n  a d d i t i o n  t o  determining the  d e f i n i t e n e s s  of a ma t r ix ,  the  
congruent form g ives  the  rank of the  matrix and a l s o  the  number of 
p o s i t i v e  and negat ive eigenvalues of the  symmetric form. The number 
of p o s i t i v e  and negat ive eigenvalues corresponds,  r e s p e c t i v e l y ,  t o  
t he  number of p o s i t i v e  and negat ive e n t r i e s  on the  main diagonal of 
t he  congruent diagonal form. This may be l imi t ed  i n  use fu lness ,  how- 
ever ,  s ince  t h e r e  is no information given about the  eigenvalues of the 
o r  i g  ina  1 non- s ymme tr i c  matrix . 
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APPENDIX A 

Examp 1 e Pr  ob 1 em 

-5 -7 -3 

-7 -13 -5 

-3 -5 -2 

Cons ider the three-by- three matrix 

. 

A =  

-5 -14 6 

0 -13 10 

,12 0 - 2  

Step 1.  Symmetrizing by equation (33) ,  

A =  
SYm 

S t e p  2.  Applying equation (34), 

-1 -715 -315 

-7 -13 -5 

-3 -5 -2 

Step 3. Applying equation (35) to  rows two and three, 

-1 -715 -315 

0 -1615 -5 

0 -415 -115 

(37) 

(39) 

( 4 0 )  
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. 

-1 0 0 

0 -1615 -415 

O -415 -115 

S tep  4. Applying equation (36) ,  

. 

Step 2 .  

Reapplying s t e p s  2 through 4 t o  the  reduced (two-by-two) ma t r ix ,  

-1 0 

0 -1 

0 -415 

Step 3. -1 0 

0 -1 

0 0 

Step 5. Equation (44) is 

S tep  4. 

0 

-114 

-115 

0 

-114 

0 

O I  

-1 0 

0 -1 

0 0 

(43) 

(44) 

O /  0 

the  des i r ed  congruent matr ix .  Since 
it is  obviously negat ive semi -de f in i t e ,  t h e  matrix-given by equat ion 
(37) is negative semi -de f in i t e .  Here, we have omitted the  main diagonal  
s e a r c h  fo r  t he  l a r g e s t  element s i n c e  t h i s  w a s  no t  required t o  i l l u s t r a t e  
t he  method. 
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APPENDIX B 

FORTRAN Program Desc r ip t ion  

Following is l i s t e d  the FORTRAN program as w r i t t e n  f o r  the SDS 930 
d i g i t a l  computer. 
however, i t  does run  a t  a speed which should be s a t i s f a c t o r y  f o r  most 
a p p l i c a t i o n s .  

No claim is  made that t h i s  program i s  opt imal ly  f a s t ;  

The program r e q u i r e s  as input  the o rde r  of the ma t r ix  and the  
elements of the ma t r ix  entered row-wise. The output  c o n s i s t s  of a l i s t -  
ing of t he  o r i g i n a l  ma t r ix ,  t he  symmetrized ma t r ix ,  the diagonal con- 
g ruen t  form, and a comment as t o  the d e f i n i t e n e s s  of t he  o r i g i n a l  matr ix .  
Occasionally,  a n  output  s ta tement  "A DIFFERENCE LESS THAN 1.OE-06 WAS 
ENCOUNTERED" occurs.  This statement implies that, during the computa- 
t i o n ,  a d i f f e r e n c e  between two numbers w a s  obtained which w a s  less than 
1.0 x l o e 4  percent  of t he  magnitude of one of t h e  numbers. 
happens, t he  program considers  t h i s  d i f f e r e n c e  t o  be zero and thus 
s t o r e s  zero in s t ead  of the computed d i f f e r e n c e .  This helps  t o  e l imina te  
some e r r o r s  from t runca t ion ,  but  it is conceivable that such a small d i f -  
ference would e x i s t .  Therefore,  problems f o r  which t h i s  occurs should 
be checked c a r e f u l l y .  

When t h i s  

The d a t a  required f o r  the program should be entered as follows: 

(1) The f i r s t  data  card contains the order  of the ma t r ix  
punched i n  columns one and two, r i g h t  j u s t i f i e d  (FORMAT (12)) .  The 
maximum s i z e  p r e s e n t l y  allowed is a t e n t h  order  matr ix .  

(2)  The remaining da ta  cards con ta in  the elements of t he  
matrix, entered row-wise, with e igh t  e n t r i e s  per card,  each i n  a f i e l d  
t e n  columns w i d e .  The decimals must be punched (FORMAT (8F10.0)). 

Upon completion of t h e  run,  the program r e t u r n s  t o  the f i r s t  
read s ta tement  i n  order  t o  read da ta  f o r  a second computation. 
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1 c  
2 
3 c  

C T H I S  PROGRAM DETERVINES THE D E F I N I T E N E S S  OF A REAL SQUARE MATRIX 

4 DIMENSION A Cl01103 
5 M M  = 2 
6 hN = 3 
7 c  
8 C READ I N  REAL YATRIX 
9 c  

10 8 0 2  K 6  = 1 
11 READ 1 ) K  
12 1 FURMAT I121 
13 READ 2 r  I CA [ I  8 J] r J = 1 8 N l ,  I = l r N l  
1 4  2 FORMAT [8F10*0 ]  
15 C 
16  C k R I T E  O R I G I N A L  YATRIX 
17  C 
18  P R I N T  3 
19 3 FORMAT C 1 6 H l O R I G I N A L  MATRIX/ ]  
20 DO 1CO I r l r N  
2 1  100 P R I Y T  4 r  [ A C I I J ] I J = ~ ~ N I  
22  4 FORVAT CSE15*71  
23 c 
2 4  C DETERMINE EQUIVALENT SYMMETRIC FORM 
25 C 
26 D U  101 I = l r N  
2 7  DO 101 J = ~ J %  
28 A C I I J ]  = C A C I r J l  + A C J 8 I I I / E  
29 101 A t J r I I  a A I I I J I  
33 c 
31 C W R I T E  EQUIVALENT SYYMETRIC FORM 
32  C 
33 
34 
75  
36 
3 7  c 
38  C 
33 c 
4 0  
41 C 
4 2  C 
43 c 
4 4  
4 5  
~6 
47 
48  c 
49 c 
50 c 

P R I Y T  5 

DO 1 1 4  I = l r N  
5 FURVAT t17HOSYyYETRIC P A T R I X / I  

1 1 4  P R I N T  4, ~ A t I ~ J ] r J s l r Y l  

DETERXIYE CUNGRUENT FORM 

DO 102 K = l r W  

L@CATE LARGEST DIAGdNAL ELEMENT 

EIG = PBSCACK,K]I 
KK = K 
DO 103 I = K r h l  
I F  C A C I I I I I  135,1308135 

I F  A Z F 9 3  IS 0% THE M A I Y  D!AGU;.IAL CHECK ROW FOR h’Db-ZERO ELEMeNTS 
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. 

m 51 130 DO 131 J z K * N  
= 52 I F  C A C I r J I l  132r131~132 
x 53 131 COQTINUE 
= 54 GO T 8  135 
= 55 132 GO 133 L = K * N  
8 56 133 ACIILJ A E I I L I  + ACJILJ 
= 57 DO 13+ L=K0W 
m 5a 134 ACl.113 = A C L I I I  + ACLrJI 
8 59 135 I F  CABSCACI I I I I  - B I G 1  10301038104 
8 60 104 B I G  A B S C A C I I I ] ~  
= 61 KK = I 
= 62 103 CONTINUE 
= 63 C 
8 64 C IF LARGEST ELEMENT IS ZERO0 GD TU END RDUTINE 
= 65 C 

66 I F  C B I G I  10981100109 
8 67 c 
= 68 C CHECK FOR NECESSITY DF INTERCHANGE 
= 69 C 
I 70 109 I F  CKK - K l  105r106r105 
= 71  C 
= 72 C INTERCHANGE ROWS AND COLUMNS 
= 73 c 
a 74 105 DO 107 J = K * N  

75 TEMP = A C K K 8 J l  
= 76 A CKK0 J3 = A tK0 J3 
= 77 107 A I K 8 J l  8 TEMP 
= 78 DO 108 I = b N  
= 79 TEMP = A C I r K K l  
= 80 A C I r K K ]  ACI IK]  
= 81 108 ACIIKI = TEMP 
= 82 c 
= 83 C D I V I D E  WORKING ROW BY MAGqITUDE OF L E A D I N G  COEFFI~IEPT 
= 34 c 
= 85 106 D ABSCACKIKII 
= 86 DO 111 J=K0N 
= 87  i l l  ACKIJI = A C K a J I / D  
= 88 C 

89 C CHECK FOR CDMPLETION 
= 90 c 
= 31 I F  CK - N I  1120i104112 
= 92 C 
= 93 C NOT FINISHEDI AWIHILATE NORKING CBLUHN 
= 94 c 
= 95 

96 
= 97 
= 98 
= 99 
= 100 

101 
= 102 
= 103 

104 

112 KK = K + 1 
DO 113 I r K K r N  
DO 113 JJ 'K0I  
J = I + K - JJ 
D ACIIJI  
ACI IJ I  = A C I I J I  0 A C I ~ K I * A I K I H I * A L K ~ J ~  

C 
C I F  THE DIFFERENCE COMPUTED ABOVE IS LESS THAN DNE I N  THE 
C S I X T H  S I G N I F I C A N T  PLACE, SET EQUAL T O  ZERO AND NOTE 
C T H I S  I N  THE OUTPUT 
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= 108 801 A L I r J I  = 0.0 
= 1 0 9  K6 = 2 
= 1 1 0  113 CONTIhrLiE 
= 111 c 
= 112 C FURY NEd SYMMETRIC V A T R I X  
= 113 C 
= 1 1 4  G O  1 0 2  J=KK)N 
= 1 1 5  DU 1 3 2  I ~ K I J  
e 1 1 6  102 A C I t J I  A C J t I I  
= 117 C 
= 118 C d R I T E  CONGRUENT FURM 
8 119 c 
8 1 2 0  1 1 0  PRIrJT 6 
= 1 2 1  6 FORMAT C17HOCDNGRUENT MATRIX11 
= 1 2 2  DU 115 I = l j N  
= 123 115 P R I N T  4 r  C A C I r J ] r J r l r Y l  
= 1 2 4  C 
m 125 C DETEFMIUE D E F I N I T E N E S S  UF THE CUNGRUENT FORM AND P R I N T  
= 1 P 6  C 
= 1 2 7  K 1  = 1 
= 1 2 5  r(2 = 1 
= 1 2 9  K 3  = 1 
= 139 K4 = 1 
= 1 3 1  K 5  = 1 
= 132 DO 1 1 6  K + l r N  
= 1 3 3  I F  [ACK,Kl l  1 1 7 , 1 1 8 ~ 1 1 9  
= 1 3 4  119 k3 = 2 
= 135 G U  T O  116 
= 1 3 6  118  K 4  = 2 

1 3 7  K 5  = 2 
= 1 3 8  68 T O  1 1 6  
= 139 117  k l  = 2 
= 1 4 0  K 2  = 2 
= 1 4 1  1 1 6  CUhTIhJdE 
= 1 4 2  GU TU [ 1 2 0 r 1 2 l ] , K l  
= 1 4 3  1 2 0  GO Te C 1 2 2 r 1 2 3 1 r K 2  

1 4 4  1 2 2  [lo TU C 1 2 4 r 1 2 5 1 r K 4  
= 1 4 5  1 2 1  G O  TD [ 1 2 6 ) 1 2 3 ] , K 3  
= 1 4 6  126 bB T 3  C127r1281,KS 
= 1 4 7  1 2 3  P R I u T  7 
= 1 4 8  GU TU 1 2 9  
= 1 4 9  1 2 4  P R I N T  8 
= 1 5 3  GO TB 1 2 9  

1 5 1  1 2 5  P R I Y T  9 
= 1 5 2  G O  TU 129 
= 153 1 2 7  F R I U T  1G 
= 1 5 4  GU TO 1 2 9  
= 1 5 5  1 2 8  P R I Y T  11 
= 1 5 6  GO T O  1 2 9  
= 1 5 7  1 2 9  G U  T(t C 8 0 2 r 8 0 3 I r K 6  
= 158 803 F R I N T  1 2  



. . 

= 159 20 T 8  F02 
m 150 7 FDRYAT C26tiGTHTS MATRIX IS I N D E F I N I T E 1  
m 161 8 FDRYAT C33HOTHIS MATRIX IS P O S I T I V E  D E F I N I T E ]  

162 9 F O R M A T  C38hOTHIS Y A T R I X  I S  P O S I T I V E  SEMI -DEFIN ITE]  
m 163 10 FbRYAT C33HOTHIS YATRIX  I S  NEGATIVE D E F I N I T E ]  

164 1 1  FORYAT C38HOTHIS MATRIX I S  NEGATIVE SEMI -DEFIN ITE]  
= 165 12 FORMAT ClHOiSA DIFFEQENCE LESS THAN 1*OE-06 WPrS ENCOUNTEREDSI 

166 E NO 

PRUGRAY ALLOCATION 

00013 A 00323 MM 00324 NN 00325 K6 
003?6 N 00327 I OC330 J 00331 K 
00332 KK 00333 L 00334 JJ 00335 K1 
00336 K 2  00337 K 3  00340 K4 00341 K5 
00342 BIG GO344 TEMP 00346 D 

SUBPR93?AUS R E W I R E D  

ABS 
THE EhD 
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